A modified version of the Schwarzschild geometry is proposed. The source of curvature comes from an anisotropic fluid with pr = −ρ and fluctuating tangential pressures. The event horizon has zero surface gravity but the invariant acceleration of a static observer is finite there. The Tolman -Komar energy of the gravitational fluid changes sign on the horizon, equals the black hole mass at infinity and is vanishing at r = 0. There is a nonzero surface stress tensor on the horizon due to a jump of the extrinsic curvature. Near-horizon geometry resembles "free of centrifugal acceleration" Dadhich metric and not the Rindler metric which corresponds to the standard Schwarzschild spacetime. The modified metric has no signature flip when the horizon is crossed and all the physical parameters are finite throughout the spacetime.
Introduction
The Schwarzschild (KS) spacetime is the exact spherically symmetric vacuum solution of Einstein's equations. It is expectable that quantum effects will play a main role in the late stages of the gravitational collapse and the subsequently Hawking evaporation process.
Bonanno and Reuter [1] altered the KS metric using a running Newton constant and studied the quantum gravitational effects on the dynamics of geometry. In their view, the black hole (BH) evaporation stops when its mass approaches some extremal (critical) value M cr ≈ m P , where m P is the Planck mass. Consequently, a "cold" soliton-like remnant is formed so that the classical singularity at r = 0 is removed. According to the authors of [1] , that quantum BH with M = M cr (corresponding to the extremal charged Reissner -Nordstrom BH) may be considered the final state of the KS black hole evaporation process.
The non-commutativity of spacetime related to the behavior of radiating KS black holes has been put forward by Nicolini et al. [2] . Their conclusion is that the evaporation end-point is a zero-temperature extremal BH with no singularity at the origin and with a regular de Sitter (deS) core close to r = 0. Their model includes an anisotropic fluid with radial pressure p r = −ρ which is not the common inward pressure of outer layers of matter on the core of a star but a different kind of "quantum" outward push induced by non-commuting coordinate quantum fluctuations. In addition, Nicolini [3] showed that the Gaussian de-localization of a gravitational source in the noncommutative spacetime eliminates the divergent behavior of Hawking temperature. There is a maximal temperature that the BH can reach before cooling down to absolute zero. In his view, noncommutativity regularizes divergent quantities in the final stage of BH evaporation.
Myung et al. [4] and Hayward [5] introduced the so-called "regular" black holes (RBHs) that avoids the curvature singularity beyond the event horizon. The singularity is replaced by a deS spacetime. While Myung et al. detailed their study to universal thermodynamic properties of RBHs, Hayward has discussed the formation and evaporation process of a RBH with a minimal size which can be related with the minimal length induced by string theory.
Recently Xiang et al. [6] showed that a BH would not evaporate entirely but will approach a Planck order remnant. They found a finite Kretschmann scalar for the modified KS geometry and a bounded BH mass due to the existence of the horizon. If the BH curvature singularity is removed by quantum gravitational effects, it would cease evaporation at a specific mass scale.
We suggest in this letter a slight modification of the Xiang et al. gravitational potential, coming out in this way physical parameters in closed form. Our model is purely classical and the effective anisotropic gravitational fluid seems not to simulate any quantum effects. The modified KS spacetime proposed has only one horizon and is free of any singularity at r = 0. We compute the components of the stress tensor which acts as the source of curvature and depends on the BH mass. We then give the expressions of the ADM mass and of the TolmanKomar gravitational energy, which vanishes at the horizon and equals BH mass at infinity. All dynamical parameters are finite everywhere. Throughout the paper the geometrical units G = c = 1 are used, excepting numerical calculations where G appears explicitly.
Modified Schwarzschild metric
Let us consider firstly the Xiang et al. [6] modified form of the KS classical metric
where Φ(r) = −(m/r)exp(−ǫ(r)) (with ǫ(r) > 0) and dΩ 2 stands for the metric on the unit 2-sphere. The unknown function ǫ(r) is a damping factor needed to remove the singularity when r → 0 [6] .
Our main assumption is to consider Φ(r) to be of the form
where k is a positive constant that will be chosen such that the equation g tt = 0 to have one zero only. Plugging x = 1/r in 1 + 2Φ = 0, one obtains
It is clear that (2.3) has one solution when the straightline 2mx is tangent to the exponential curve e kx at, say, x H . In other words, the two functions and their first derivative are equal at x H . One obtains x H = 1/k = e/2m, with lne = 1. Therefore, the metric (2.1) becomes in our conditions
with a horizon at r H = 1/x H = 2m/e. We have always f (r) ≡ −g tt > 0 (no signature flip) and, in addition, f (r) tends to unity both when r → 0 and r → ∞. From the shape of the curve f (r) we could conclude that, close to the origin r = 0, f (r) resembles the parabolic form of the static deS spacetime. The metric coefficient f (r) has two inflexion points at r = (m/e)(2 ± √ 2), located symmetrically w.r.t. r H .
We intend to write now the Poisson equation corresponding to the classical potential Φ(r) from (2.2), with k = 2m/e. We have
It can be written as ∇ 2 Φ(r) = 4π · 2p θ , which is different from ∇ 2 Φ(r) = 4πρ, the standard Poisson equation. In our view, the discrepancy comes from the role played by the pressures in General Relativity. As Padmanabhan has shown [7] we ought to pass from ρ to ρ Komar = ρ + 3p (for a perfect fluid). Nevertheless, our fluid is anisotropic so that we must replace ρ+3p with ρ+p r +p θ +p φ = 2p θ , as it verifies for (2.5) (2p θ appears as the field source).
Let us take now a static observer characterized by the velocity vector field
where b labels (t, r, θ, φ). From (2.6) we find the acceleration 4 -vector to be
One sees that a r is vanishing when r → 0 and at the horizon r H = 2m/e. It is negative for r < r H and positive for r > r H . That means the gravitational field is repulsive for r < r H and attractive for r > r H . This is in accordance with our interpretation of the deS-like metric close to the origin.
From (2.6) one easily obtains the invariant acceleration
Once we have localized the BH horizon, we look now for its surface gravity κ. Eqs. (2.4) and (2.8) yield
In other words, the Hawking BH temperature is vanishing (no Hawking radiation). Therefore, our case corresponds to an extremal BH [2] and we are left with a "frozen" horizon. In the Bonanno -Reuter model, T H = 0 means the BH evaporation stops and the mass m is critical ( a soliton-like remnant is formed [1] ).
In spite of the lack of a non-null surface gravity, the invariant acceleration a from (2.8) is finite on the horizon. Taking the limit r → r H in (2.8), we get
It is worth noting that the expression of the invariant acceleration on the horizon resembles the surface gravity κ S = 1/4m for the KS spacetime. Concerning the curvature invariants, while the Ricci scalar R a a = (8m 3 /e 2 r 5 )e −2m/er is everywhere nonsingular and nonzero, the Kretschmann scalar vanishes at r H /2 and somewhere between r H /30 and r H /28.
Anisotropic stress tensor
Let us see now what are the sources of the spacetime (2.4), namely what energymomentum tensor do we need on the r.h.s. of Einstein's equations G µν = 8πT µν in order (2.4) to be an exact solution. One finds, by means of the software package Maple -GRTensorII, that
er .
We notice firstly that ρ > p θ always and p r = −ρ, as for the deS geometry. However, the fluid is anisotropic since p r = p θ = p φ . The energy density and all pressures are non-singular at r = 0 and when r → ∞ (where, actually, they vanish). Moreover, ρ is positive for any r and the weak, null and dominant energy conditions are fulfilled. However, the strong energy condition is not satisfied for r < r H /2, where ρ + Σp i = 2p θ < 0 (i = 1, 2, 3). The maximum value ρ max = 8/πme 2 is reached in the BH interior, more precisely at r = r H /4.
For r >> r H , ρ(r) tends to zero (the derivative dρ/dr depends on the BH mass, too). For example, on the surface of a star with M S ≈ 10 33 g and r S ≈ 10 11 cm, one obtains ρ ≈ GM 2 S /2πer 4 S = 10 14 erg/cm 3 (the exponential function is practically unity). The conclusion is that, even though we are far away from the hypothetical star's horizon, ρ is not negligible. In other words, the modified KS metric (2.4) keeps traces of the stress tensor even far from its horizon.
Let
where T a (e)b is the Maxwell stress tensor representing the static electric field of the point charge of strength q, located at the origin. It is easy to see that, far from the horizon r = r H , the components of the stress-energy tensor (3.1) are similar with those of (3.2), provided we replace 2m/ √ e with q. So we may read ρ as the energy density of the gravitational field sourced by the mass m. If the central mass is not a BH (the case of a star) we could apply Birkhoff's theorem and put all the star mass inside its gravitational radius, with no change of the gravitational field outside. We mention also that the expression for ρ remains valid for the universe as a whole. Indeed, taking r = R U and m = M U and keeping in mind that M U /R U ≈ 1, namely R U ≈ R H , we get ρ = 1/2πe 2 R 2 U ≈ 10 −30 g/cm 3 , which is the value from Cosmology. The paper by Xiang et al. [6] (and even the previous ones) set their parameter α at a value of the order of the Planck length squared, l 2 P . Therefore, they obtain
4 , a much smaller value compared to ours. As far as the transversal pressures are concerned, they vanish at r = r H /2 and have two extrema: a minimum at r 1 = (7 − √ 17)r H /16 and a maximum at r 2 = (7 + √ 17)r H /16. As the other physical parameters analyzed before, our p θ and p φ vanish when r → 0 or r → ∞. In addition, they equal the energy density for r >> r H .
Tolman -Komar energy
Our next task is to evaluate the Tolman-Komar (TK) gravitational energy for the metric (2.4). It is given by [9, 10] 
and is measured by a static observer with the velocity field u a . N in (3.1) is the lapse function and γ is the determinant of the spatial 3-metric. With the substitution x = 1/r, one finally finds that
It is clear from (4.3) that W tends to zero when r → 0. However, W = m at infinity, as expected. In other words, the total TK energy of the anisotropic fluid equals the rest mass of the central body. A similar result has been obtained by Bonanno and Reuter [1] where the total energy of their fluid is identified with the extremal BH mass M . Nevertheless, our gravitational energy (4.3) becomes negative for r < r H and presents a minimum W min = −m/e 2 at r = r H /2, which seems to be a steady state. This is rooted from the negative pressures contribution.
One may be interested to compute the ADM mass for the asymptotically flat spacetime (2.4). We have
This is another confirmation of the correctness of our interpretation of the stress tensor (3.1). Even though W from (4.3) and the BH temperature vanish on the horizon, the horizon entropy S = |W |/2T [9] is finite. Indeed, one obtains
and we see that the relation S H = A H /4 is observed.
Horizon stress tensor
Let us find now the expression of the surface energy-momentum tensor on the horizon r H = 2m/e. We must have a nonzero energy on this hypersurface due to the jump of its extrinsic curvature K ab when the horizon is crossed. To see this, we write down the expression of the extrinsic curvature tensor [11, 10, 12 ]
where f ′ ≡ df (r)/dr, u a = ( √ f , 0, 0, 0) (obtained from (2.5)) is the normal to t = const. hypersurface, h ab = g ab −n a n b represents the induced metric on a r = const. surface with n a = (0, 1/ √ f , 0, 0) its normal vector and q ab = h ab + u a u b is the induced metric on the 2-surface of constant t and r [11] . Eq. (5.1) yields
We suppose the horizon is a membrane with a surface stress tensor S ab of a perfect fluid form
with ρ H -the surface energy on r = r H and p H -the surface pressure. S ab is obtained from the Lanczos equation
where
ab is the jump of the extrinsic curvature when the horizon is crossed, from r > r H to r < r H .
The first Israel junction condition is automatically satisfied as we use same coordinates on either side of the horizon r H . In addition, the metric on the horizon is simply [12] 
2 , when we put r = r H in (2.4). We shall determine ρ H and p H from (5.3) so that the second junction conditions (5.4) to be obeyed.
We write now explicitly the expression of the mean curvature 
A vanishing value of the surface energy ρ H has been also obtained by Kolekar et al. [11] (see also [10, 12] ). However, their surface pressure p H was divergent because only the denominator of the ratio f ′ /2 √ f is null on the horizon.
H is finite in the present work and, as a consequence, p H = −σ H from (5.6) is finite. In terms of the invariant acceleration, (5.6) gives us p H = a H /4π.
Let us check now whether the relativistic Young-Laplace equation [13] 
is observed at r = r H . Here p r is the bulk pressure from (3. now g θθ = r 2 H = const. and, therefore, the components of the extrinsic curvature of hypersurfaces of constant r are no longer given by (5.1) and (5.2). Indeed, the connection coefficient Γ r θθ = 0 and, therefore,K θθ = 0. In addition, one obtainsK
Eq. (6.6) gives us nowK
The jump ofK will be
rH , exactly the previous value obtained from (5.2) . As a consequence, we get again ρ H = 0 and p H = e/8π √ 2m. It is worth noting that, for the geometry (6.4), K ab from (5.1) contains only the 1st term and, therefore,K =K t t .
Conclusions
The late stages of the evaporation process of a BH and the role of quantum gravitational effects sparked much interest in the last decade. The problem is whether the evaporation stops and a remnant arises.
We looked in this paper for a solution to the problem by means of classical arguments, with no use of quantum effects. As many of the previous authors, we proposed a modification of the KS geometry to render the physical parameters finite at r = 0 and to get rid of any singularities. For the spacetime (2.4) to be an exact solution of Einstein's equations, the field must be sourced by an anisotropic fluid with negative radial pressure p r = −ρ. While ρ and p r preserve their sign for any r, the transversal pressures fluctuate for r < r H but for r >> r H equal the energy density. In addition, ρ ∝ a 2 far from the horizon, in accordance with similar dependence from Newtonian gravitation and electrostatics. We found that the gravitational field (2.4) is repulsive for r < r H and attractive for r > r H . Even though our metric exhibits a horizon at r H = 2m/e, the surface gravity κ vanishes and, therefore, T BH = 0 (the horizon is frozen and the BH becomes extremal). The TK energy W was calculated by means of Padmanabhan's formula and proves to change its sign at r = r H and to equal the ADM mass at infinity. Even though the BH temperature and TK energy are vanishing on the horizon, the horizon entropy S H is finite and equals A H /4, as it should be. Our modification of the KS metric suggest that, outside a central body with spherical symmetry we have gravitational energy density given by T a b from (3.1), with the global energy W = m. Moreover, due to a jump of the extrinsic curvature when the horizon is crossed, a surface pressure p H = e/8π √ 2m is present but the surface energy density is vanishing.
